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Abstract 
The authors study the rational approximation of functions nonuniformly smooth. New uniform and weighted 
mean error estimates are given. 
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1. Introduction 
In the present paper we want to investigate the rational approximation of functions not having a 
homogeneous behaviour on [ - 1 , 1 ] . More precisely, we want to consider the class A = A(p, q, a) of 
all functions satisfying the following properties: 
(i) f E Cp(]-1, 111, p 2 1; 
(ii) fE CqC[c,4), with p < q < 00, for every closed segment [c, d] c [-1, l] -{a}, Ia] < 1; 
(iii) there exists lim,-+,,,+~(a - x)~~‘P+~)(x) < co, (x( < 1, k = 1,. . . , q - p. 
Examples of such functions are 
f(x) = 
( 
(1 + x)3’2, -l<x<O, 
1+~x+~X2-~x3+&X4-&X5, O<XXl, 
belonging to C’([-l,l]) and C5((-1, 1)) with the largest value of q being 5; and 
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belonging to C’([-l,l]) and C4([-1, 11 - {0}), with the largest value of q being 4. 
In the case a = f 1, the functions of the class A are connected with the solutions of integral 
equations with singular kernels (see [ 141). 
Many authors considered the polynomial and rational approximation of analytic functions with 
singularities, i.e., when q = 00; among all we mention [ 9,10,13,15,19,24]. 
The polynomial approximation of functions of the class A, when a = f 1, was studied in [ 141. As 
far as we know, results about rational approximation of the above class do not exist. 
Theorem 2.1, proved in the present paper, shows the behaviour of best uniform rational approxi- 
mation of functions f E A; the estimate (2.1) is new. 
In this paper we want also to consider the class B, formed by functions f having in the point 
a E [ - 1, 1 ] an integrable singularity and in addition f E C4( [c, d] ), for every closed segment 
[c, d] c [ - 1 , 1 ] - {a}. For the functions of the above class we study the rational approximation in 
the L’ norm, with respect to a weight function having an algebraic singularity in the range [ - 1 , 1 ] . 
The results are shown in Theorem 2.2. 
Finally we note that, to prove Theorems 2.1 and 2.2, we demonstrate some lemmas on pointwise 
rational approximation estimates; those results can be used in different contexts. 
2. Main results 
The first result regards the rational approximation of functions f E A. For such functions we 
can define a new function 4(x) = (a - x)9-Pf(x), with the qth derivative continuous, by (iii) 
(4 E C4([-1711). 
Then, letting R,,(g) = inf{]]g - RJJ, R E R,,}, where g E C”( [-1, l]), ]I . II denotes the uniform 
norm and R,, is the set of rational functions of degree (r, s), we can state the following theorem. 
Theorem 2.1. Let f E A( 1, q, a), q > 2. Then, 
R n+p,n (f) < c Rn-qJ4’q’) , 
n4e-E 
YE > 0, (2.1) 
with n (even) > q, 4(x) = (a - x)4--P and C a positive constant independent off and n. 
Remarks. If f(p+‘) is integrable, the estimate 
R,,,(f) < C “fIp:f”L’, n 2 p, 
is known 1181. Therefore, if f E A(p, q, a), q > 2, by the previous estimate we get 
R,,,(f) = O(nPP-I). 
On the other hand, from Theorem 2.1, since 4 E Cq ( [ -1 , 1 ] ) by (iii), there follows 
R n+p,n(f) < o(n-q+s), k > 0. 
Moreover, estimate (2.1) is not possible by polynomial approximation. In fact, if (a( < 1 and q = 03, 
the best uniform approximation error is 0( n-p) (see, for example, [ 151) ; when a = Z!Z 1, then the 
best uniform approximation error is 0( n-Y>, with y = min( q, 2p) and p < q (see [ 14,241). 
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Now we want to state a result for functions f E B. Analogously we define the function e(x) = 
(x - a)q+’ f (x) and from the definition it follows that fi E Cq( [ - 1 , 1 ] ) . 
Theorem 2.2. Zft,#q) E Lip( 1 + a), q 3 1 and -1 < (T < 0, then for every n there exists a rational 
function r,_l,, of degree (n - 1, n) independent of y such that 
.I 
_~~f(~)-~n-~,~(~)~~~-yl~d~~C~, lul<L v’A>a+l, (2.2) 
where -1 < v < 0, u + 1 + v > 0 and C > 0 is a constant independent off and n. 
We remark that, in the case of polynomial approximation, an analogous theorem holds [ 141, but 
the right-hand side in (2.2) is replaced by 0( 1 /n2u+2v+2). 
3. Proofs of Theorems 2.1 and 2.2 
To prove Theorems 2.1 and 2.2, some results on rational approximation are needed. 
Lety=(~,,~E [-l,l]: i=O ,..., m; m E IV) be an infinite matrix where each row is a set of 
distinct points in [ -1, l] and define for f E C’( [ -1, l] ) the operator 
&l,,(Y;f;x) = sn,r(f;X) = 
c&l (Ix- Ym,kI-SCS=Of(j)(Ym,k)(X - Y,,,PlW,) 
CL Ix - Ym,kP 
, 
with s = r + cy, where (Y > 2 is a fixed integer number. It follows that S,,, is a rational linear operator 
of degree (r + sm, sm) . Moreover, it preserves polynomials of degree r, i.e., 
S,,,(Y; ei; X) = f?i, ei(x) = Xi, i = 0,. . . , r, 
D’S (Y. f*y m,r 9 7 m, k) = f”‘(Y m,k , ) k=O ,..., m, i=O ,..., r, 
and 
D’S,,,(Y; f;ym,J =0, k=O ,..., m, i=r+ l,..., [s] - 1. 
This operator contains as particular cases the Szabados operator [22, p.2201 and the Shepard- 
Bal5zs operator widely used in approximation theory and in fitting data, curves and surfaces [ 1-3,6- 
8,12,16,17,20,21,23]. 
Recently the authors [5] obtained, for some particular nodes matrices, pointwise simultaneous 
approximation estimates which are not possible by polynomial approximation. 
Indeed, given a real number e > i, let x = xl : [ 0, 1 ] + [ -1, l] be the function defined by 
x = x(O) = 
{ 
(28)2e+1- 1, 0 E [O,$, 
-(2 - 26)2e+1 + 1, I9 E [i, I], 
(3.1) 
and consider the matrix X = (x,,~ = x( k/m) : k = 0, . . . , m, m E N). Then we have the following 
lemma [5]. 
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Lemma3.1. Forall f EC’([-l,l]) andforalli=O,...,r, 
j[f(x) _ ~m,,(y;f;x)]“‘I < c [(l - “~~lil’“‘“l”-(f”‘; (l - x2;2e’(2e+1)), 
(3.2) 
where x E [ -1, 1 ] , s = r + (Y, cz > 2 is a fixed integel; C is a constant depending only on Q, r and 
cy and w(g; .) is the usual modulus of continuity of g. 
We remark that estimates of type (3.2) are not possible by polynomial approximation, as Gopen- 
gauz [ 111 showed. 
Moreover, the endpoints are not special points and we can get results analogous to (3.2) for any 
interior point. For example, setting for !! > i, 
z = z(O) = 
i 
-(I - 2@‘““l, 8 E [O, $1, 
(28 _ 1)2e+l, 
0 E r;, 11, 
and Z=(~~,~=z(k/m): k=O,. . . , m) with m even, we get the following lemma [ 51. 
Lemma3.2. For-all f EC’([-l,l]) andforaZZi=O,...,r, 
(3.3) 
where x E [ -1, 1 ] , s = r + CY, LY > 2 is a fixed integer and C is a constant depending only on e, r 
and cy. 
Without loss of generality, assume now a = 0. Then, letting 4(x) = x4-p f (x), the following 
lemma holds. 
Lemma 3.3. There exists a sequence of rational functions r,,+p,n( x) of degree (n + p, n), n (even) 
> q, such that 
1 f(x) - r,+p,n(x) 1 6 C @(+(~;$J~~r~~~~:‘/n’, 1x1 > n-2e-1, 
If(x) - rn+p,n 
(x), < (.Tw 
( 
#q); l,,u~2~+‘)) 14p(2~;~~+1) ) 1x1 < n-2’-1, 
(3.4) 
(3.5) 
where !, p and q are arbitrary but fixed integers and C is a constant independent of f, n, x, but 
dependent of .?, p and q. 
Remark 3.4. Lemma 3.3 says that we can find a sequence of rational operators {r,,+p,n}n approxi- 
mating f well on [ -1, l] and converging to f faster away from 0. 
The approximation of f by rational operators r, is better where f is smoother. This shows once 
more that rational approximation is more sensible than polynomials about the smoothness of f (see 
also [ 181). 
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Proof of Lemma 3.3. From the assumptions we know that +(x) = x”-Pf( x) E Cq( [ - 1, I ] ) ; hence, 
by Lemma 3.2, for m even, 
J[$+) -sm,q($;x)](i)j ~A~~~~2e~~i1~]q-i~(~~~~;~x~2~~“), i=O,...,q, (3.6) 
where x E [ - 1, I], s = q + a, a > 1 is a fixed integer and A is a constant depending only on k’, q 
and a. 
Since @k) (0) = 0 9 k = 0 ,***, q-p-1,itf 11 o owsthat (&q)ck)(&O) =O, k=O,...,q-p-1. 
Therefore, 
&,,(#; x) = x~-~Y,+~,~(x), n = m(q + a), 
with r n+p,n (x) a rational function of degree (y1f p, n) . Inserting this latter expression into (3.6) with 
i = 0, we get (3.4). 
To prove (3.5)) from Taylor’s formula for (p - S,,q( 4)) we can write 
If(x) - bl+p,nw I = lW> ; s,,(Q; x) I = l~'q-p'(&~ - ~~;p’w; 5,) I xq p (4-P)! ’ 
0 < 6x < 1x1 < fz-*e-‘, and by (3.6), (3.5) follows. Cl 
Proof of Theorem 2.1. Let g, be the rational function of degree (n, n), n even, such that 
Wq) - d$‘ll < &-q,“wq’) 7 
and let g,(x) = g,(x)x-q+p. 
From Lemma 3.3, there exists a rational function r,,+p,n of degree (n + p, n), such that, for 
1x1 > K*(-r, 
< const. R,-q,n(#q)) 
’ q! ~q,i+m+wP’ 
that is, 
If(x) - r,+,,,(x)\ < c Rn-qA@‘q’) 
~q,+/w+wP ’ 
1x1 > n-2e-1, 
with Fn+p,n = rn+p,n + $3,. 
Analogously, from Lemma 3.3, we can prove 
If(x) - F”+p,“(X) 1,< cRn-q,n(p)) ~x~p(2~~~2111), x1 < L+-1, 
from which the assertion follows. Cl 
Proof of Theorem 2.2. From (3.6), if i = 0, we get 
1@(x) _ sn,q($; x> I < cwwq); 142e’(2e+1)/N Iw~q~)‘(*~+~~) 
~xpwe+l) 
n-2e_1 < IxI; 
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therefore, 
If(x) - r,-],,(x) I 
On the other hand, 
If(x) - r,-l,,(x) I 
and by (3.6) we get 
If(x) - r,-l,,(x) I 
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(3.7) 
< (yWq); 142e’(2e+rw 6 CIX(a(2e)/(2e+l)-1/(2e+l)nl+cr 
\ 
I.4 
7 (3.8) 
0 < 1x1 < n -21-1. By using [4, Lemma I] for (3.7) and working as in [4, p.2191 for (3.8), the 
assertion follows. 0 
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